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Caldeira and Leggett (CL) in a seminal paper derived a master equation describing
Markovian Quantum Brownian motion. Such an equation suffered of not being com-
pletely positive, and many efforts have been made to solve this issue. We show that,
when a careful mathematical analysis is performed, the model considered by CL leads
to a non dissipative master equation. We argue that the correct way to understand
the master equation derived in the CL regime is to consider it non-Markovian. More-
over, we show that if one wants to provide a microscopic description of Quantum
Brownian motion with the CL model, one always needs to consider a non-Markovian
dynamics. We conclude that dissipation is a genuinely non-Markovian feature.
I. INTRODUCTION
Quantum Brownian motion and the issue of dissipation in open quantum systems has
attracted the attention of physicists for decades. The understanding of dissipative dynamics
has recently become urgent, as quantum technologies are approaching regimes where dissi-
pation plays a crucial role. This phenomenon has been extensively studied with different
approaches [1, 2]; here we review only the literature on the master equation approach, since
it is the one exploited in this paper. The first analysis of Quantum Brownian motion was
phenomenological, and exploited the Lindblad equation for completely positive Markovian
open systems dynamics [3]. Different authors considered suitable linear combinations of
position and momentum operators as generating the Lindblad equation, and analyzed the
dissipative dynamics it gave rise to [4–7]. Recently, this phenomenological approach has been
generalized to a Lindblad operator that is quadratic in the oscillator position operator [8].
∗Electronic address: ferialdi@fmf.uni-lj.si
2A first microscopic description of Quantum Brownian motion was provided by Caldeira
and Leggett (CL). In their seminal paper, they studied the dissipative dynamics of a har-
monic oscillator interacting with a bosonic bath via a position-position coupling [9] (through-
out this paper we will call this the “CL model”). They derived the well known master
equation under some assumptions about the bath structure and temperature. The struc-
ture of their master equation is close to, but not precisely, the Lindblad one. Since complete
positivity is a crucial requirement for quantum dynamics, efforts were made to derive a com-
pletely positive version of the CL master equation, e.g. by relaxing the high temperature
condition [10, 11], or by exploiting the scattering formalism [12, 13].
Some years later, Hu, Paz and Zhang (HPZ) derived the non-Markovian master equation
for Quantum Brownian motion [14]. Their result generalizes the one by CL, extending it
to any thermal bath. Remarkably, their master equation is exact and completely positive.
This result, clarified the issue of dissipative dynamics by extending its analysis to the non-
Markovian sector. However, the issue of dissipation at the Markovian level is still open: Is it
possible to derive a completely positive, dissipative, Markovian dynamics for the CL model?
As we will show, the answer to this question is negative. From a broader perspective, the
aim of this paper is to clarify the issue of dissipation in the independent oscillators (or
bosonic bath) model. We consider the CL model, and we show that if one is careful in
taking the Markov limit starting from the approximations introduced by CL, the resulting
master equation is actually non dissipative. We further show that the only way to describe
dissipation starting from this model, is by considering a non-Markovian dynamics. We argue
that dissipation is a fundamentally non-Markovian feature.
This paper is organized as follows: in Sec. II we introduce the independent oscillators
model, and provide exact results on the non-Markovian dynamics related to it. Section
III is devoted to the presentation of the CL master equation and the essential steps of its
derivation. In Sec. IV we explain why the CL master equation fails at describing dissipation
at an arbitrary time, and how this can be correctly accounted for by a microscopic model.
In Sec.V we recall admissible phenomenological descriptions of dissipation, and in Sec.VI
we summarize the results of this paper.
3II. THE INDEPENDENT OSCILLATORS MODEL
The paradigmatic model exploited to investigate open quantum systems is the so-called
“independent oscillators model”, where the environment is modeled by a set of independent
harmonic oscillators [15]. We consider an open system whose dynamics is described by the
Liouville equation with an Hamiltonian of the following kind: Hˆ = HˆS+HˆI+HˆB. HˆS is the
system Hamiltonian, and HˆB is the Hamiltonian of the bath of independent oscillators. The
interaction Hamiltonian is assumed to be bilinear, i.e. HˆI = Aˆ
jφˆj, where Aˆ
j are Hermitian
system operators, and φˆj are Hermitian bath fields. We further assume that the initial state
of the open system is factorized, i.e. ρˆ = ρˆS ⊗ ρˆB, where ρˆB is a Gaussian thermal state
completely characterized by its two point correlation function. In a recent paper [16], it
has been proven that under these conditions the most general completely positive, trace-
preserving, non-Markovian Gaussian map reads
Mt = T exp
{∫ t
0
dτ
∫ t
0
dsDjk(τ, s)
[
AˆkL(s)Aˆ
j
R(τ)−θτsAˆ
j
L(τ)Aˆ
k
L(s)−θsτ Aˆ
k
R(s)Aˆ
j
R(τ)
]}
, (1)
where θτs denotes the step function that is 1 for τ > s, and the bath two-point correlation
function is Dij(t, s) = TrB[φˆi(t)φˆj(s)ρˆB]. The Einstein convention of summing over repeated
indexes and the interaction picture are understood. We have also introduced the L/R
notation, such that AˆjLAˆ
k
Rρˆ = Aˆ
j ρˆAˆk. The term “Gaussian” refers to the fact that the map
is the exponential of quadratic combinations of the system operators Aˆj, and it preserves
the Gaussian structure of the initial state. Although Eq. (1) represents an important formal
characterization of non-Markovian dynamics, when one wants to calculate average values of
physical quantities one needs a master equation. This can be achieved when the relevant
system Hamiltonian HˆS is quadratic if the system is bosonic [17], or linear in the case of
two-level systems [18]. In the former case, the master equation associated to Mt reads:
dρˆ
dt
= −i[HˆS , ρˆ] + Γjk(t)[Aˆ
j , [Aˆk, ρˆ]] + Θjk(t)[Aˆ
j , [
˙ˆ
Ak, ρˆ]]
+iΞjk(t)[Aˆ
j, {Aˆk, ρˆ}] + iΥjk(t)[Aˆ
j , {
˙ˆ
Ak, ρˆ}] , (2)
where the coefficients are determined analytically and have rather complicated expressions,
provided in the Appendix. This is the most general non-Markovian Gaussian master equa-
tion for non-interacting bosonic systems, it is both trace preserving and completely positive.
An interesting limit case of study is the Markovian one, which is achieved when the
environment is memoryless. One can easily check that under this condition, i.e. when the
4bath is delta-correlated Dij(t, s) = Dij(t)δ(t− s), the map (1) reduces to
Mt = T exp
{∫ t
0
dτDjk(τ)
(
AˆkL(τ)Aˆ
j
R(τ)−
1
2
AˆjL(τ)Aˆ
k
L(τ)−
1
2
AˆjR(τ)Aˆ
k
R(τ)
)}
. (3)
which differentiated provides the well known Lindblad equation [3]:
dρˆ
dt
= Djk(t)
(
AˆkL(t)Aˆ
j
R(t)−
1
2
AˆjL(t)Aˆ
k
L(t)−
1
2
AˆjR(t)Aˆ
k
R(t)
)
ρˆ , (4)
where Dij is a positive definite matrix. One might argue that a Markovian dynamics might
be achieved also for bath correlation functions that are not proportional to a Dirac delta,
however later we will show with a simple example that this is possible only for peculiar
system-bath couplings. Before proceeding, it is important to stress a striking difference
between the non-Markovian master equation (2), and the Lindblad one: the former displays
a dependence both on the coupling operators Aˆj and their time derivative
˙ˆ
Aj , while the
latter displays the coupling operators only. This difference will play a crucial role for the
following considerations on dissipation.
III. THE CALDEIRA-LEGGETT MASTER EQUATION
In their seminal paper, Caldeira and Leggett (CL) considered a harmonic oscillator bi-
linearly coupled to a bath of harmonic oscillators via the position operators [9]:
Hˆ =
pˆ2
2m
+
mω2S
2
qˆ2 +
∑
i
pˆ2i
2mi
+
miω
2
i
2
(qˆi − qˆ)
2 , (5)
where qˆ, pˆ (qˆi, pˆi) are respectively position and momentum operators of the system (bath).
We can rephrase the interaction Hamiltonian of this model in the language of the previous
section, as follows:
HˆI = Aˆφˆ (6)
where Aˆ = qˆ and φˆ =
∑
imiω
2
i qˆi. With this choice of the bath coupling field one finds that
the correlation function is: D = DRe + iDIm with
DRe(t, s) = ~
∫
∞
0
dωJ(ω) coth
(
~ω
2kBT
)
cosω(t− s), (7)
DIm(t, s) = −~
∫
∞
0
dωJ(ω) sinω(t− s) , (8)
where J(ω) =
∑
i
miω
3
i
2
δ(ωi − ω) is the bath spectral density. The authors assumed an
initial thermal state at temperature T , and an Ohmic spectral density J(ω) = 2mγ
pi
ω with
5high frequency cutoff Ω. Exploiting the influence functional formalism [19], and introducing
some approximation (described later), CL derive the following master equation
dρˆ
dt
= −
i
~
[HˆS, ρˆ]−
2mγkBT
~2
[qˆ, [qˆ, ρˆ]]−
iγ
~
[qˆ, {pˆ, ρˆ}] . (9)
The second term of this equation describes decoherence, while the third one describes friction
as it provides damping in the equations for the momentum expectation value 〈pˆ〉. If the
CL master equation is recast in the Lindblad form (4), one finds that the matrix Dij is
not positive definite, that implies a non completely positive dynamics. This is a crucial
requirement for quantum dynamics, and without satisfying it the CL master equation cannot
be considered a valid master equation. In order to solve this issue, it was proposed to add
by hand a “minimally invasive”term, i.e. a contribution that is negligible under the CL
assumptions. The result is the following completely positive master equation [1]:
dρˆ
dt
= −
i
~
[HˆS, ρˆ]−
2mγkBT
~2
[qˆ, [qˆ, ρˆ]]−
iγ
~
[qˆ, {pˆ, ρˆ}]−
γ
8mkBT
[pˆ, [pˆ, ρˆ]] . (10)
Since the seminal paper by CL, many different derivations of this master equation have been
provided in the literature [5–7, 10–13]. The result by CL is obtained under two important
assumptions: “high T”and “high Ω”, which provide a bath correlation function that is “close
to” a Dirac delta. These assumptions and the resulting CL master equation are undoubtedly
meaningful under the physical point of view. Indeed, we are not questioning by any means
the physical validity of the CL master equation. What we claim, and shortly prove, is that
under those assumptions the dynamics is not Markovian. In the independent oscillators
model the dynamics is Markovian only when the bath correlation is a Dirac delta, and this
happens under the limits T,Ω→∞. Having “high T”and “high Ω”, under the mathematical
point of view is not sufficient to have a delta correlation. Having a correlation function that
is “close to” a Dirac delta implies that the environment still has some correlation. This
results in some memory that, as small as it is, implies a non-Markovian dynamics.
IV. DISSIPATION IN THE CL MODEL
Let us step back to Section II and apply its results to the CL model. Let us consider the
Markovian equation (4), and replace the coupling operator Aˆ with qˆ as prescribed by the
CL model. What one finds is that the correct Markovian master equation for this model
6reads
dρˆ
dt
= −
i
~
[HˆS, ρˆ]−
2mγkBT
~2
[qˆ, [qˆ, ρˆ]] . (11)
This equation is of the Joos-Zeh type [20], and describes decoherence but not dissipation.
Actually, one should be surprised that Eq. (9) displays the momentum operator while, as we
have previously noticed, the general Markovian dynamics obtained from the interaction with
a bosonic bath should display only the coupling operator (qˆ in this case). One might now
wonder “why is the CL result different?”. As previously mentioned, it is a consequence of
the “high T” and “high Ω” assumptions. If one wants to derive a true Markovian dynamics
from CL master equation one needs to take the temperature (T ) and the cutoff (Ω) to
infinity (in order to have a truly memoryless bath). Doing so in Eq. (9), one sees that the
decoherence term diverges, while the dissipative one remains constant, implying that it can
be neglected. This is the same reasoning that allowed researchers to add the “minimally
invasive” term since it was negligible compared to others, and it is quite surprising that they
did not choose to neglect the dissipative term (as one should do). Another way to recover
Eq. (11) starting from Eq. (9) is to observe that when T →∞, the correlation function (7)-
(8) reads: D(t) ∼ Tδ(t) + iδ′(t). One then sees that the real part is much bigger than the
imaginary one, which is then negligible. Since the dissipative term of (9) derives from a
contribution proportional to DIm, it can be neglected, leading to (11).
The structure of the master equation (4) itself suggests that if one wants to have terms
depending on the momentum operator, one needs to generalize the CL model and couple the
system to the bath via pˆ. This is the only way to obtain a dissipative term in a Markovian
master equation starting from the independent oscillators model. We consider an interaction
Hamiltonian of the type (qˆ − µpˆ)φˆ, where µ is a constant that accounts for the strength of
dissipation and φˆ has been defined below Eq. (6). ”Mutatis mutandis, this coupling leads
to a master equation of the type (10), where the dissipative term is replaced by µ[q, [p, ρ]].
Unfortunately, this term is diffusive and does not describe friction. This is again due to the
fact that in the Markov limit the bath correlation function is real, killing the dissipative
contributions coming from the anti-commutators.” The important conclusion we draw is
that one cannot describe dissipation at the Markovian level with the CL model.
If one wants to stick to a microscopic description with the independent oscillators model,
one needs to disregard the Markovian approximation and consider the exact (non-Markovian)
dynamics. This result was achieved by Hu, Paz and Zhang (HPZ) in their seminal paper [14].
7Their master equation is exact and completely positive: unlike CL, HPZ do not perform any
approximation, and the bath correlation function they consider has the general form (7)-(8).
The HPZ master equation can be obtained by replacing Aˆ = qˆ in Eq. (2):
dρˆ
dt
= −i[HˆS − Ξ(t)qˆ
2, ρˆ] + Γ(t)[qˆ, [qˆ, ρˆ]] + Θ(t)[qˆ, [pˆ, ρˆ]] + iΥ(t)[qˆ, {pˆ, ρˆ}] , (12)
where the coefficients read
Γ(t) = −
∫ t
0
dsDRe(t, s) cosωS(t− s) (13)
Θ(t) =
∫ t
0
dsDRe(t, s)
sinωS(t− s)
ωS
(14)
Ξ(t) = −
∫ t
0
dsDIm(t, s) cosωS(t− s) (15)
Υ(t) =
∫ t
0
dsDIm(t, s)
sinωS(t− s)
ωS
, (16)
The kernel D = DRe + iDIm is a suitable combination of DRe and DIm, that in the weak
coupling limit simplifies to D = D (see Appendix). Since this master equation displays the
term [qˆ, {pˆ, ρˆ}] with imaginary coefficient, it correctly describes the dissipative interaction
between the system and a thermal bath. It is useful to rewrite the HPZ master equation in
the non-diagonal Lindblad form as follows:
dρˆ
dt
= −i[HˆS − Ξ(t)qˆ
2 −Υ(t){qˆ, pˆ}, ρˆ] +
∑
i,j
aij(t)
(
FˆiρˆFˆj −
1
2
{
FˆjFˆi, ρˆ
})
(17)
with Fˆ1 = qˆ, Fˆ2 = pˆ, and
a(t) =

 −2Γ(t) −Θ(t) + iΥ(t)
−Θ(t)− iΥ(t) 0

 . (18)
From this expression, one can easily check that one of the two eigenvalues of the matrix a
is always negative. This implies that the dynamics described by Eq. (12) is non-Markovian
for any (non-singular) choice of the bath correlation function D. Accordingly, the only
way to obtain a Markovian dynamics starting from the HPZ master equation is to choose
D(t, s) ∝ δ(t− s), that replaced in Eqs. (13)-(16) leads to Eq. (11), confirming our previous
result. Remarkably, this also implies that one can never obtain a time-inhomogeneous
Markov dynamics from this model, but only a semigroup dynamics. If instead we choose
the correlation function derived by CL (i.e. D(t, s) = T δ˜(t− s) + iδ˜′(t− s) where the tilde
8denotes that these functions are “close to” the true deltas), we obtain Eq. (12) where the
coefficients have a (very) weak dependence on t (see e.g. Eq.(3.399) of [1]). We stress that
also the microscopic derivation of Eq. (10) provided in [10] suffers these same issues. We
then see that the correct way to interpret the master equation derived in the CL regime (or
in any other finite temperature/cutoff regime) is to consider it non-Markovian. According
to this point of view, Eq. (9) should be modified by adding a term of the type [qˆ, [pˆ, ρˆ]].
One can further check that if one considers the more general coupling (qˆ−µpˆ)φˆ, the former
analysis still holds true, i.e. one can have a Markovian dynamics only with a delta-correlated
bath. However, we should mention that if one considers a position-position coupling and
performs the rotating wave approximation (typical of quantum optical settings), one obtains
a dissipative dynamics also for a bath that is not delta-correlated.
V. PHENOMENOLOGICAL MODELS
In the previous section we have seen that it is not possible to provide a microscopic
description of Markovian Quantum Brownian motion in terms of the CL model. It is however
possible to derive the Markovian master equation (10) by considering a phenomenological
model. The most straightforward approach is to assume that the phenomenology of our
system is described by the Lindblad master equation (4) with an operator of the type
Aˆ = qˆ + iµpˆ. This is now a legitimate choice since we are considering Eq. (4) as given, and
we are no more conditioned by the hermiticity of the system-bath coupling [5, 7, 13]. This
option leads to the completely positive master equation (10). We should mention however
that a choice of this kind is not free of criticism [7].
Another phenomenological model which is widely used are stochastic Schro¨dinger equa-
tions (SSEs) [21]. One assumes that the interaction with the environment can be mimed
by a (classical) stochastic process. This results in modifying the Schro¨dinger equation for
the wave function by adding a stochastic term. A SSE is said to ‘unravel’ a given master
equation when the solution |ψt〉 of the first is such that ρˆt = E[|ψt〉〈ψt|] solves the second (E
denoting the stochastic average). One can actually prove that there exist an infinite number
of SSEs that unravel the same master equation. In [16, 17] it has been proven that the most
9general SSE unraveling the master equation (2) reads
d|ψt〉
dt
= −iAˆjt
(
φj(t)+
∫ t
0
ds[Djk(t,s)−Sjk(t,s)]
δ
δφk(s)
)
|ψt〉 (19)
where δ
δφj
is a functional derivative, and φj are complex, colored, Gaussian stochastic pro-
cesses, fully determined by the correlation functions
E
[
φ∗j(τ)φk(s)
]
= Djk(τ, s) , (20)
E [φj(τ)φk(s)] = Sjk(τ, s) . (21)
Note that S is not displayed by the gaussian map (1): this is where the infinite free param-
eters of the SSE are encoded. In the Markovian limit, i.e. when the stochastic process is a
white noise, Eq. (19) simplifies to
d|ψt〉
dt
=
(
−iAˆjtφj(t)−
1
2
[Djk(t)− Sjk(t)]Aˆ
j
t Aˆ
k
t
)
|ψt〉 . (22)
Also in this case, if we choose Aˆ = qˆ + iµpˆ, Eq. (22) unravels Eq. (10), proving that this
model provides a correct description of Markovian Brownian motion [22].
VI. CONCLUSIONS
We have shown that the CL model is not suitable to describe dissipation at an arbitrary
time. One should not be surprised by this behavior. In fact, dissipation is a dynamical
feature and one needs to have a dynamical quantity to account for it. This is not the case in
the CL model, where the interaction between the system and the environment is “static”:
the system is coupled via the position operator (which is not a dynamical quantity) to a
“memoryless”(Markovian) environment, that cannot keep track of the previous dynamics.
Accordingly, one should not expect a dissipative dynamics from the CL model, as correctly
described by Eq. (11). However, what one expects is that the (completely positive version of
the) CL equation describes the correct dynamics for time scales that are much longer than
the bath memory timescale, when the dynamics can effectively be considered Markovian.
In order to describe dissipation, one needs to have a dynamical interaction. If one wants to
have a Markovian description, this can be easily achieved with phenomenological models, e.g.
taking a Lindblad operator proportional to pˆ in (4), or coupling the system to a (classical)
stochastic process via pˆ. Unfortunately, if one wants to have a microscopic description of
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dissipation which is still Markovian, coupling a bath with pˆ is not sufficient as it does not
provide the correct damping term.
We then see that the only way to provide a microscopic description of dissipation is by
considering a non-Markovian bath, that keeps track of the past interaction with the system.
A model of this kind leads to the HPZ master equation that displays the correct dissipative
term.
The reason why the CL master equation provides a dissipative dynamics is that it has
been obtained by performing approximations which are meaningful under the physical point
of view, but are not Markovian from the mathematical side. As we have shown, in order
to have a physically memoryless (Markovian) dynamics, it is sufficient to have a “high
temperature” bath with a “high frequency”cutoff. However, under the mathematical point
of view, the dynamics is Markovian only when temperature and cutoff are taken to infinity.
Considering large but finite temperature and frequency cutoff, provides a bath correlation
function that is close to (but not exactly) a Dirac delta. This results in a bath that is almost
(but not completely) memoryless, i.e. it is correlated. This implies a dynamics which is
not Markovian, and this is how the master equation derived in the CL regime should be
understood. The misunderstanding around the CL master equation likely arose because, in
analogy to the classical Langevin equation, one expected to have quantum dissipation also
at the Markovian level (and this is still true for phenomenological models).
We think that a microscopic description with position-position coupling (that can be
understood as a first order expansion of a generic position potential [23]) has a more funda-
mental nature (see also [24]). Accordingly, the results of this paper lead us to conclude that
dissipation is a purely non-Markovian feature.
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Appendix
The coefficients of the master equation (2) provided in [17] have rather cumbersome ex-
pressions. We provide here an improved version of these coefficients. We start by reminding
the quadratic system Hamiltonian HˆS provides linear Heisenberg equations of motion for
the operators Aˆj. The solution of these is linear and always admits to be written as follows:
Aˆj(s) = Cjk(s− t)Aˆ
k(t) + C˜jk(s− t)
˙ˆ
Ak(t) (23)
where the kernels C, C˜ explicitly depend on HˆS. A calculation similar to that performed
in [18] provides the following expressions for the coefficients of (2):
Γjk(t) = −
∫ t
0
dsDRejl (t, s)C
l
k(s− t) , (24)
Θjk(t) = −
∫ t
0
dsDRejl (t, s)C˜
l
k(s− t) , (25)
Ξjk(t) = −
∫ t
0
dsDImjl (t, s)C
l
k(s− t) , (26)
Υjk(t) = −
∫ t
0
dsDImjl (t, s)C˜
l
k(s− t) . (27)
The kernel D = DRe + iDIm encodes the out-of-equilibrium response of the bath to the
system dynamics, and is defined as follows:
Dij(t, s) =
∞∑
n=1
(−1)n−1D
(n)
ij (t, s) , (28)
where D(1) ≡ D, and higher order terms are determined by means of the recursion
D
(n)
ij (t, s) =
∫ t
0
dtn
∫ t
0
ds2 Aˆ
α(s2)Aˆ
β(tn)
[
D¯βj(tn, s)D
(n−1)
iα (t, s2) +Dβj(tn, s)D
(n−1)∗
iα (t, s2)
]
,
with
D¯(t2, s2) = D
Re(t2, s2) + iD
Im(t2, s2)(2θt2s2 − 1) , (29)
and
Aˆβ(s2)Aˆ
α(tn) =
[
Aˆβ(tn), Aˆ
α(s2)
]
θ(tn − s2) . (30)
We underline that since the system Hamiltonian is quadratic and the Heisenberg equations
are linear, the contractions of Eq. (30) are always c-functions. Equations (13)-(16) for
12
the HPZ model are easily obtained by replacing C(s − t) = cosωS(s − t) and C˜(s − t) =
sinωS(s− t)/ωS in the equations above.
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